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Theory

CONSIDER the beam system schematic, Fig. 1. If den-
sity-sensitive detectors are used, as in the present case,

then the beam properties are found as the moments of the dis-
tribution describing the state of the gas inside the beam source
region from which the beam molecules are isolated. For flux-
sensitive devices the detection signal should be proportional to
the moments of the distribution function augmented factorially
by a detection, or plane crossing probability (c-v), the scalar
product of the molecular velocity c and the plane normal v.
Here the concept of an escape probability associated with
beam formation in conventional studies has been generalized
to a plane-crossing probability associated with particular de-
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Fig. 1 Schematic of beam generation system.
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tection techniques. The results of the obvious integrations
over small solid angles 0 < 12 ES AS/L2 <<c 4?r are listed in
Table 1, since no comprehensive tabulation can be found else-
where.

Skimming Models
Two extreme cases are considered for the isolation of nozzle

beams from equilibrium gas flows. The isentropic model1

neglects interference of the skimmer with the incoming flow.
The beam source conditions, index 1, are related to the stagna-
tion region via the isentropic expansion laws. If the flow is
completely randomized prior to beam formation by either a
normal shock ahead of, or at the skimmer, or by diffuse
adiabatic scattering inside the skimmer, then the isentropic
laws are augmented by the Rankine-Hugoniot relations.
The shock-beam2 properties therefore deserve the index 2.
Consequently, the density ni} temperature 7\ and molecular
speed ratio S-t in Table 1 must be replaced by the appropriate
beam source conditions depending on the case considered.

Figures 2 and 3 illustrate the nature of shock beams. They
are neither supersonic, nor effusive, but could be classified as
subsonic nonisentropic beams. Figure 2 shows that such
beams are denser than effusive reference beams from a thermal
source at isentropic freestream density n\. Naturally, they
are less dense than isentropic supersonic beams because of the
partial loss of precollimation during the shock transition.
The significance of the branchpoit at Mi = 1 is obvious. The
shock beam formation requires M\ ^ 1.

Similarly, Fig. 3 reveals that the average velocity 7& of
diatomic shock beam molecules is between that of an effusive
and an isentropic supersonic beam. Whereas F&,i and the
isentropic drift Ui merge at higher skimmer Mach numbers
Mi F&.2 remains significantly greater than [72 indicating that
effusive phenomena dominate in the shock beam formation.

Experimental Results
The experimental setup has been described elsewhere.3

Only the near-inviscid portion (8000 < Re* 5=3 p*Da*/>* <
50,000) of the slender 0.027 cm skimmer data are checked
against theory. The observed beam density data are pre-
sented in Fig. 4 as a function of the computed total number
flux Ntot into the skimmer and the stagnation pressure pQ-
We wish to demonstrate that the outer maxima near D relate

Fig. 3 Comparison of beam
and source drift velocities.
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Table 1 Ideal properties of molecular beam skimmed from parallel equilibrium gas flows

Distribution inside beam source region: /t-(c) = ni(2irkTi/m)-*12 exp[-ra(c - U t-)-(c - Ut-)/(2fc!T»)]

density-sensitive beam detection flux-sensitive beam detection

GAINn,; =

cos0 X
exp[-OS,- sin0)2

'» [(I +
* + Si/2]

beam detection distribution
density/intensity
profiles along circular arc, radius L,

centered at skimmer
gain
most probable speed of beam mole-

cules (b.m.)
mean speed of b.m.
r.m.s. speed of b.m.
mean kinetic energy of b.m. e&,i = &/2)kTiE(Si)/D(Si)
with the abbreviations D(X) = 2ir-l!*Xa + (2X2 + 1)6

F(X) =
E(X) =
Q(X) =

and a = exp(-X2), b = 1 + erf(X), Si = Ui(
The angle 0 is measured from the beam axis.

GAIN/,;
Cp,i

(7rm)]1/2 cos0 X
F(Si cos0) exp[-OS; sin0)2]

(ni/ni)(Ti/W*F(Si)

[(I

ep,i

1)6
-V5-Z)6

to isentropic beams, whereas the maxima at A are the re-
mainders of shock beams heavily attenuated by scattering.

Figure 5 relates the observed to the predicted isentropic
beam density. The curves collapse near the outer maxima at
D and also near unity, i.e., theory and experiment agree up to
a constant factor. This normalization fails to produce any
correlation in the shock beam range.

In Fig. 6 the observations are compared to the shock beam
theory. Experiment and analysis coincide near the inner
maximum at A. Also, a relative density near unity is ob-
tained at the optima, indicating that the shock beam model
yields an excellent description of the perturbed process of
beam formation at least for the present set of experiments.

The striking coalescence of the seven traces at either maxi-
mum and the correlation between theory and experiment at
the point of coalescence seem to support the presented aug-
mentation of the Kantrowitz-Grey-Parker4 theory. One
would have expected the maxima to occur at a l/e attenu-
ation. Also, in the free molecule limit, A^tot —* 0, the upper
envelope in Fig. 5 should approach unity. These discrepan-
cies are of similar magnitude at the three significant points
here considered. This strongly suggests that a systematic
error has entered the experiments.

Discussion

The model for the formation of shock beams is consistent
with the experimental results of Bier and Hagena.5 Cer-
tainly, re-expansion downstream of the compression region
may be present, but the dominating phenomenon appears to
be effusion from a beam source region which itself is moving at
the subsonic velocity C72. Also, the proposed shock beam
model does not conflict with the results of electron beam
studies by McMichael and French6 since bow shock formation
is restricted to denser flows than studied at Toronto. On the

Fig. 4 Beam density vs
total skimmer flux.
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Fig. 5 Beam d e n s i t y
compared to isentropic-
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other hand, Oman7 has shown that the observed8 small density
perturbation near the skimmer lip trigger the build-up of the
molecular population within the skimmer duct which leads to
the formation of shock beams. As far as the use of nozzle
beams for diagnostic purposes is concerned, the regions behind
or within normal shocks appear to be no longer off-limits for
molecular beam sampling, if the observations are related to
analyses which incorporate the shock beam model in its pro-
posed or in a modified form.

Fig. 6 Beam dens i ty
compared to shock-beam

theory.
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Introduction

THE finite-difference method, widely used in the solution
of the equation of motion which governs the transient

response of structures such as plates and shells, can become
unstable unless the ratio of the time mesh to the space mesh
satisfies a certain condition. The condition of stability of
the finite-difference equation for the transient response of a
"thin" flat plate has been given by Leech.1 This paper is
concerned with the same problem for a "moderately thick"
plate. The method of stability analysis used here follows
that employed in Ref. 1.

Method of Analysis

The governing equation of motion of a moderately thick
plate has been derived by Mindlin2 as follows:

where w is the displacement normal to the initial plane of the
plate, D the flexural rigidity of the plate, p the density of plate
material, h the plate thickness, and G' is related to the shear
modulus G by G' = (7r2/12)<7. The preceding equation in-
cludes the effect of rotatory inertia and transverse shear.
When a square space mesh Ax = Ay is used the corresponding
explicit finite-difference equation for Eq. (1) may be written
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wj>k+2

4:Wj,k

- [a/(AxAt)2][(wj+itk -

[6/(A04](tI>n+2 -

Wjtk-l)n-l

(Wn+I ~ 2Wn + Wn-l)j,k = 0 (2)

where a = ph*/12 X Dp/G', b = pzh*/12G', c = ph. In
Eq. (2) j and k denote space mesh stations x and y, respec-
tively, and n denotes the current time t. When the value of
w has been determined at all space mesh points for the last
two time increments n and n — 1, one can directly calculate
the solution for the next time increment n + 1 from Eq. (2),
thus advancing the solution in time. The first two values
required to start the whole numerical process are obtained
from the initial conditions. If it is assumed in the practical
solution of the finite-difference Eq. (2) that the error 5(x}y,t)
is resulted from roundoff, it must satisfy the following equa-
tion:

205,-.* -

8j-itk

- 25n = 0 (3)

Following the procedure employed by Leech,1 it is assumed
that the general term of the Fourier series expansion of the
numerical error may be expressed in the form

Making use of Eqs. (3) and (4) one obtains the following
equation:

(I)
„ ,,,

= 0 (5)

where £ = eaM and r = At/ Ax. For convenience in examin-
ing the stability of the finite-difference solution, the following
symbol is introduced:

(6)Z =

In terms of Z, Eq. (5) becomes

where

= 0 (7)

a = 2 (a/b) [sin2 (0 Ax/2) + $m2(yAy/2)] + (c/2b)(Ax)2


